t 380 3 



XVIIL Obfervations on the Limits of Algebraical EquU'^ 
tions; and a general Bemonjlration o/Bes Cartes's Rule 
for finding their 'Number of affirmative and negative 
Roots. By the Rev. Ifaac Milner, M. A. Fellow of 
Queen's College, Cambridge. Communicated by An- 
thony Shepherd, D. D. F. R. S. and Plumian Profejor 
at Cambridge. 



Ecad February 556> i7!r?. 

§ I. ^TPHE inveftigations of the limits of equations is 
-*" confidered as one of the moft important pro- 
blems in algebra. The knowledge of them not only 
enables us to demonftrate many tifeful theorems in that 
fcience, but is alfo of material fervice in difcovering the 
roots themfelves. Mr. maclaurin has treated this fub- 
je£t very fully, both in his Algebra and in the Philo* 
fophical Tranfacftions. 

The fubftance of what he has delivered may be briefly 
exprelTed in the two following propolitions. 

ift. That any equation x''-px^'-^'^qx^'^^'-&cc.:sa 
being propofed^, if you take the fluxion of this equation, 

and 
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and divide it by x^ the refulting equation will have all its 
roots limits of the roots of the given equation, 

adly, If the terms of the propofed equation be multi-' 
plLed into the terms of any arithmetical feries, the re- 
fulting equation w^ill alfo have its roots limits of the roots 
of the original equation. 

§ %. This fecond propofition, though admitted by all 
Che eminent authors whom I have had an opportunity of 
confulting, certainly requires fome refl:ri<Elions. For 
example, the roots of the quadratic equation at* - 2Ar~3=:(9 
are 3, &c. -i ; multiply the terms of this equation into 
the terms of the arithmetical progreflion i, 2, 3, refpec- 
tively, and the refulting equation is i x a;*- 2 x 2a;- 3 x 3 =d?, 

the roots of which are 2^V 1 3, neither of which are be- 
tween the roots of the given quadratic. 

, Again, fuppofe the roots of the cubic equation 
x^-px^-^qx-r-o to be ^, b^ -^, and it is poflible that the 
equation l-¥2tmxx'^-l'¥Q.my.px''-¥l^mxqx-lr:=^o may 
have no root between the quantities^ and -c\ and in 
general, if the roots of the equation (a) x^'-px''-'' ^-qx^'S 
&c. = (? be fuppofed a^ by c^ -dj -e^ -/, &c. where a is the 
greateft root, b the next, and fo on in order, the equation 

(^^^l'¥nm%x'^-l^n-\.mpx^-'^'^l^n-%.mqx'^^'^y 8cc. = 

will not neceiTarily have any of its roots between the 

roots c and -doi the original equation. 

C c c 2 § 3* 
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§ 3. It will not be difScult to fee the reafon of this, if 
we examine the demonftration, which is nfually given 
lis of this fecond propofition. 

The roots of the biquadratic equation ^^-AAr^ + B.:^*- 
€Ar + D=<? are fuppofed to ht a^ b^c^d^ and the refults 
which arife by fucceffively fubilituting them for x 
in 4Ar^~ 3 A;v^+aBAr~c are fuppofed to be -r, +s, 
-T, +z. From which maclaurin conchides, that 

when abed are fubftituted for x in the quantity 

* ■■ « '■■■ . , ■ I i i.. . ... ' ■ ■ ■ . i..».. ■ ■ ■ 

l-\'^mxx^-l^- '^mxhx'^'¥t+ 2^BAr'-/+;^CA; + /D, thB 
quantities that refult will become -mv.x^ +m^x^ -mrx^ 
-\-mzx^ where, fays he, the ligns being alternately nega- 
tive and pofitive, it follows, that ^, ^, ^,4 muft be limits 
of the equation l-^-^mxx'^-lx o,mhx'^+ &c. = 0. 

Here it is taken for granted, that the quantities --m^x^ 
^m%x^ -mrx^ -^mzx^ are alternately negative and po- 
fitive, which is not true, unlefs the roots ^, b^ Cy d^ He 
either all pofitive or all negative. 

For fuppofe ^, b^ r, to be pofitive ^'''^ quantities, and d a 

(a) Philofophical Tranfaaions, vol. XXXVI, Mr. maclaurin, who* is 
here very difFufe \ipon this fubjedl-, never mentions any. exception of this fort. 

In his Algebra, art. 44. part 2. he fays, he Ihall only treat of fuch equations 
as have their roots pofitive; but it may be obferved, that his reafonJng from 
art. 45. to 50. holds in all equations, the roots of which are reaU The theorem 
in p. 182. of that treatife is not general, though applied in the eleventh chapter 
to the demonfiration of newton's rule for finding impoffible roots in all 
equations, 

negative 
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negative one; and then the four refults will be -m^a>, 
'¥msb^ -^TC, -mzd. 

§ 4. In general, the roots of the equation 

nx^'^^-n-1 . px^'^^+n-i . ^^"^^3, are always between 
the roots of the equation (a) becaufe the roots 
of this laft equation fubftituted fucceffively for x in 

nx^'^^-n-i . jf>A;^"~~2 + &c. always give the refulting 
quantities alterna-tely negative and politive; but when 
the leaft of the affirmative roots, and the grealeft of the 
negative roots of the equation (a) are fubftituted in (b) the 
quantities that refult will neceflarily have the fame iign, 
and therefore it is poffible, that no root of the equation 
(b) may lie between the leaft of the affirmative and the 
greateft of the negative roots of the equation (a). 

§ 5. It is poffible even, that the equation (b) may have 
imaginary roots, at the fame time that all the roots of 
the equation a are real, which is contrary to what all al- 
gebraical writers have thought. For inftance, the roots 
of the equation a;^ + 6 a;- 7 =a are 7 and ~i, and if the 
terms of this equation be multiplied by i , - 1 , 3 (an 
arithmetical feries where the common difference of 
the terms is equal to 2) the refulting equation will be 
x^-Gx^ 21, the roots of which are evidently impoffible. 

§ 6. However, the equation(B) can never havemore than 

two imaginary roots, when the roots of the equation (a) 

7 are 
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are real. For fuppofe thefe laft roots to be n-^, -i-^, +r, 
+4 -~^j -/> ^c- ii^ ^heir order from the greateft to the 
leaft, and fince the reftilts which arife fi^om the fiicceffive 
fubftitution of thefe quantities are always alternately 
negative and pofitive,that cafe only excepted where ^and 
-e are fubftituted, it is manifeft, that we fliall always 
have n-% of the roots of the equation (b) which will be 
limits of the equation (a). 

§ 7 • It is remarkable, that whenever the equation A 
has all its terms complete, its roots real, and fome of them 
politive, and others negative, if l-k-nm be ajHiimed equal 
to Oy the equation B will always have one of its roots 
either greater than the greateft affirmative root, or lefs 
than the leaft negative root of the equation (a). Thus, 
in the quadratic a?'+6a?-7=(?, aflume any arithmetical 
progreffion o, i, 2, the firft term of which is equal to 
nothing, and the equation b in this cafe is 6 at- 14=0 and 

a: = ^^, which is greater than i, the greateft affirmative 
root of the affiimed equation. 

§ 8. The roots of the equation (a) being ftill fuppofed 
^, ^, Cy 4 -^, -j^ &:c. let m be taken equal to unity, and 
/any politive integer whatfoever, and in that cafe, two of 
the roots of the equation b will lie between the roots 
d and -e^ and one of them will be politive, and the other 
negative. 

For 
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For eM^mple, the quadratic equation x^'¥6x-^^o has 
its roots I and -7 ; arid if the terms of this equation be 
multiplied into 3, 2, i ; 4, 3, 2; or 5, 4, 3, fucceffively, 
the refulting quadratic in e¥ery cafe wEl have its two 
rcK)ts between the roots of the given equation, and one of 
them will be |X)litive, and the other negative. 

§ 9* The equation b, which in the laft article was de- 
duced from the equation a by taking m equal to i , and 
I any ^fitive integer, may itfelf be treated in the fame 
way, and the refulting equation will, a fortiori^ have two 
of its roots between the roots d and -^ of the original 
equation, and one of them will be |X)fitive, and the other 
negative. 

§ 10. Let^*-p,^+f=0 reprefentany quadratic equa- 
tion, the real roots of which are a and ^; fuppofe x- j > 
and ^e fhall have i -py-^qf-o^ the roots of which equa- 
tion are ; 1 j. Let the root of the equation %qy-p-o 
be equal to — , and-^ will always lie between the quan- 

titles -; I J, and therefore one would think at firft fight 
that the quantity a muft always lie between a and ^. 
But this would be contrary to what is proved in art, 7. 
In the prefent cafe a can never lie between a and ,6, un- 
lefs theft two quantities have the fame fign, and it is 

obvious^ 
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obvious, that the fame reafoning holds in equations of 

higher dimeniions. 

Thefe obfervations, as far as I know, are intireiy new. 
The fundamental propofition (§ 4.) was, in the year 
1775, communicated to Dr. waring, Lucalian profeflbr 
of mathematics in this univerfity, and by him inferted 
among the additions to his Medimtioms Algebraka ^^K 

§ II. M. EULER, at the conclulion of his 13th chap. 
CalcuL Different, has given a demonftration of des 
CARTEs's rule for finding the number of affirmative and 
of negative roots in any equation, the roots of which are 
real. From what I have already faid, his reafonings will 
appear inconclufive, though I freely own, that what he 
has done fuggefted the following different naethod. 

Suppofe (d) -L^mx-^nx^'^vx'^ . . . +^»=0, and the 
roots of the equation (e) /;^+ %nx ...... +;^.r«— 1=:^ will 

be Umits of the roots of the equation (d) ; and therefore 
there muft be at leaft as many pofitive roots in the 
equation (d) as there are in the equation (e). The fame 
may be faid of the negative roots: for fince every 
root of the equation (e) Hes between the different 
roots of the equation (d), it is impoffible that the num- 
ber of roots lliould be lefs in either cafe. Suppofe 
L and ux to be both pofitive, and fince the lafl terra in 

(c) See the end of Proprietates Curn 

any 
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any equation is always the prodxid of all the roots with 
their figns changed, the number of polltive i-oots iji each 
of the equations (d) and (e) miift be even: therefore^ the 
number of poiitive roots in (d) cannot exceed the number 
of thofe in (e) by unity ; but there is in (d) one root more 
than in (i), and confequently it muft be negative. 

If both the terms l and mx are negative, becaufe then 
the number of pofitive roots in (e) and (d) are even, it 
follows in the fame way, that there is one negative root 
more in (d) than there is in (e). 

And laftly, if the terms l and mtK have different figns, 
for the fame reafons there muft be one pofitive root more 
in the equation (d) than there is in (e). 

DES cartes' rule is, that there are as many pofitive 
roots in any equation as there are changes in the figns of 
the terms from + to -, or from - to +, and that the re- 
maining roots are negative; From what has been de- 
monftrated it appears, that if this rule be true in the 
equation (E),it muft hold alfo in the next equation (d) of 
fuperior dimenfions ; and as we know that it is true in 
fimple and quadratic equations, it muft therefore be true 
in cubics, in biquadratics, and fo on. 

This is one of the beft rules %ve have in algebra. Dr* 
SAUNDERSON ^'^ faw fuch an infinity of cafes in eqtia- 

{c) Vol. 11. p# 683. Algebra, 

VoL» LXVin, D d d tions 
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tions of high dimenfions, that he fcarcely hoped for a 
general proof, maclaurin's ^"^^ method is plainly im- 
pra6ticable when the roots are numerous, and therefore 
this concife demonftration will perhaps be acceptable to 
mathematicians. 

(d) Page 145. Algebra, 




